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SYNOPSIS The stress dependence of the Young's modulus of two sands was studied with a computer controlled triaxial apparatus, capable of giving 
reliable measurements of the stiffness even at very small strains"' 0.001 %. It was therefore possible to determine the Young's modulus of the sands 
for a wide strain range, from very small to very large, up to 20 %. The tested sands were: a uniform fine quartz sand not containing fines (Toyoura 
sand- TOS), and a well graded coarse to medium carbonatic, crushable sand containing about 2% of fines (Quiou sand - QS). The specimens were 
reconstituted in the laboratory at a given density by pluvial deposition. Two test series were performed: 
1) compression loading triaxial tests, at a constant strain rate, on specimens consolidated at cr'vc =100 kPa and stress ratio K variable between 
Ko(NC) and 2.0 for TOS. For QS the consolidation stress ratio K ranged from Ko(NC) and 1.0. 
2) compression loading triaxial tests, at a constant strain rate, on specimens of TOS consolidated at cr'hc = 100 kPa and K variable between Ko(NC) 
and 2.0. 
Specimens were prevalently normally - consolidated; however a few of them were subjected to mechanical overconsolidation or prestressing at 
constant K. The main conclusions obtained from the above experiments are: 
-the small strain Young's modulus E 0 depends on the vertical consolidation stress but is independent of the horizontal consolidation stress for both 
sands; 
- E 0 of the quartz sand is independent of the loading history; this is not true for the carbonatic sand, where E 0 increases with increasing of the 
overconsolidation ratio (OCR) values, which is probably due to the sand crushability; 
-the secant Young's modulus Eat larger strains is mainly controlled by the horizontal stress or by the mean stress; 
INTRODUCTION 
It is well known that the hypotheses of homogeneity, elasticity and 
isotropy are unrealistic for soils. In reality soil behaviour is non linear 
with respect to stresses (mechanical heterogeneity) and strains (non 
linear elasticity or plasticity) and anisotropic. This leads to the fact that 
the deformation characteristics of soils are functions of effective stress 
state, density, strain level and stress-strain history. 
The influence of the above parameters on the Young's modulus at small 
(0.001 %) and large (up to 20 %) strains of two sands was studied with 
a computer - controlled triaxial apparatus capable of giving reliable 
measurements of the soil stiffness even at very small strains by means 
of local axial strain measurement (LoPresti et al. 1994a, 1994b). The 
need for accurate measurements of the soil stiffness at small and 
intermediate strains is dictated by the fact that the typical strain levels 
occurring in many geotechnical design problems involving both static 
and dynamic loading conditions are within an interval ranging from 
0.001 to 1 %. 
Young's moduli obtained from the above mentioned triaxial tests were 
compared to shear moduli determined from resonant column tests and 
static monotonic loading torsional shear tests (Lo Presti et al. 1993, 
Jamiolkowski et al. 1994) performed on the same sands. The purpose of 
this comparison was to assess the degree of error introduced by 
assuming the hypothesis of isotropy with a constant Poisson's ratio. 
EXPERIMENTAL PROGRAM 
Tests were performed on specimens of Toyoura (TOS) and Quiou (QS) 
sands reconstituted in the laboratory by pluvial deposition . TOS is a 
sub angular, uniform, fine, quartz sand not containing fines. QS is a sub 
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angular, well graded, coarse to medium,· carbonatic sand contammg 
about 2 % of fines. QS is a crushable material containing 73 % by 
weight of shell fragments (Fioravante et al. 1994). The main physical 
characteristics of the tested sands are given in Table 1. 
TABLE 1 Physical characteristics of the tested sands 
Sand G, Dso D601Dw emax. emin 
[-] [mm] [-] [-] [-] 
Toyoura 2.65 0.16 1.3 0.985 0.611 
Quiou 2.716 0.71 4.5 1.281 0.831 
Two series of drained, compression loading triaxial tests were 
performed at constant axial strain rate: 
1) the first series was performed on specimens consolidated at 
cr'vc = I 00 kPa and consolidation stress ratio K variable between 
Ko(NC) and 2.0. In the case of QS K ranged between Ko and 1. 
2) the second series was performed on TOS specimens consolidated at 
cr'hc = 100 kPa and K variable between Ko and 2.0. 
The parameter 'K' represents the consolidation stress-ratio cr~ 1 a· 
which was maintained constant throughout the consolidation stage~ vc 
The special case of specimens consolidated under the condition of nil 
radial strain (Ko consolidation) is also included in the above series. Of 
course, in this case the value of K was not predetermined by the 
operator, but resulted as a consequence of the automatic control of nil 
radial strain. 
Specimens were prevalently normally consolidated; however a few of 
the Ko consolidated specimens were subjected to Ko unloading, thus 
becoming overconsolidated. The adopted overconsolidation ratio 
(OCR= crvmax I a~) was equal to three. Furthermore a few of the 
K=const. consolidated specimens were subjected to prestressing along 
the same K line. The ratio of the maximum experienced vertical stress 
to the actual vertical stress is called in this case R 0 • As for OCR, the 
adopted Ro was equal to three. Some of the above consolidation stress -
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Toyoura sand specimens were reconstituted to a void ratio ranging from 
0.76 to 0.89 (i.e. Dr=30-55%), while for Quiou sand specimens the void 
ratio ranged between emin and 1, the latter corresponding to a relative 
density of about 60 %. Due to the sand crushability void ratio smaller 
then emin was observed at the end of consolidation for OC or 
prestressed dense Quiou sand specimens. 
TEST RESULTS 
In figure 2 the secant Young's modulus of Toyoura sand is plotted 
versus the axial strain (log. scale) for five compression loading tests 
with the same relative density (=- 55 %) and effective vertical 
consolidation stress (=- 100 kPa) but with different values of K ranging 
from Ko to 2. Even though the differences of density from one 
specimen to another were quite small, the Young's modulus was 
normalised dividing it by the following void ratio function: 
F(e)=(2.17-e) 2 (l) 
(l+e) 
(Iwasaki et al. 1978) 
In spite of a certain scatter observed at very small strains, it can be seen 
that the Young's modulus reduction occurs for strain levels larger than 
0.001 %. It is also seen that the small strain Young's modulus is 
virtually the same for the five tests, i. e. it does not depend on K or the 
horizontal consolidation stress, but only on the axial consolidation 
stress. The influence of K becomes relevant for axial strains larger than 
0.003 %. The curve for K=l.5 is very close to that for K=2. Therefore, 
the small strain Young's modulus Eo is a function of the effective axial 
stress and is quite independent of the radial effective stress as already 
shown by Flora et al. (1994) and Kohata et al. (1994). On the other 
hand, the secant Young's modulus at larger strains seems to be 
controlled by the horizontal effective stress (cr'h) or mean effective 
stress cr~ at least till the value of K=l.5. 
According to Hardin and Blandford (1989) and to the experimental 
results shown by Stokoe et al. (1991), Lo Presti,and O'Neill (1991) and 
Bellotti et al. (1994), it is believed that E 0 , for uniaxial compression in 
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Figure 2. Young's Modulus vs. axial strain of Toyoura sand 
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Figure 3. Young's Modulus vs. axial strain of Toyoura sand 
In figure 3 the curve of normalised Young's modulus vs axial strain of a 
NC specimen is compared to that of an OC specimen with the same 
density. Both specimens were consolidated under Ko conditions to a 
final axial consolidation stress equal to 100 kPa. It can be seen that Eo 
values of NC and OC specimens are virtually the same in spite of a 
different horizontal stress and stress - history, whilst at larger strains the 
secant Young's modulus of the OC specimen is up to 4 times greater 
than that of the NC specimen. Stress - strain curves of the above NC 
and OC specimens are shown in figure 4. A linear regression analysis of 
the stress -strain data was performed for axial strains smaller than 
0.001 % in order to determ1ne Eo. In Table 2 the Eo values determined 
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Figure 4. Stress - strain curve of NC and OC specimens 
by regression analysis are reported together with the consolidation 
stresses, void ratio 'e' and information concerning the stress history 
(OCR or R 0 ). The data in Table 2 refers only to the first test series and 
to medium dense specimens. It is seen that the small strain Young's 
modulus is not affected by the loading history (see also Tatsuoka and 
Shibuya 1992) and horizontal consolidation stress, but it is a unique 
function of the axial consolidation stress. 
TABLE 2 Small strain Young's Modulus of medium dense Toyoura 
Sand specimens 
O"~c crru: K Stress e Eo E 0 IF( e) 
[kPa] [kPa) [-] history [-] [MPa] [MPa] 
102.2 46.1 Ko=0.46 NC 0.799 240 230 
100.8 69.6 0.69 NC 0.785 240 223 
101.4 100.5 0.99 NC 0.782 225 208 
97.2 150.5 1.55 NC 0.790 220 207 
98.9 201.4 2.04 NC 0.766 250 224 
99.7 67.1 Ko=0.67 OCR=3 0.776 255 233 
99.0 98.9 1.00 Ro=3 0.789 230 216 
100.8 46.4 0.46 Ro=3 0.778 220 202 
It was therefore possible to obtain the following equation expressing the 
small strain Young's modulus as a function of axial stress and density. 
This was obtained by regression analysis considering data from both 
test series and densities: 
E = 1380. po.J7 . ( cr' t63 I e2 
o a vc (2) 
where: 
'e' is the void ratio, Pa is a reference pressure expressed consistently to 
the unit system adopted and the constant (1380) is dimensionless. 
It should be noticed that the void ratio function which appears in eq. (2) 
is almost coincident with that by Iwasaki et al. (1978) obtained from 
cyclic torsional shear tests, even though the mathematical form is quite 
different. This holds within the range of the void ratio considered in the 
present research (e = 0.76- 0.9). 
Therefore it is possible to conclude that the small strain Young's and 
shear modulus of Toyoura sand are both -affected in a very similar way 
by the specimen density. 
The experimentally determined modulus exponent (0.63) is larger in 
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Figure 5. Eo/F(e) vs. axial stress 
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comparison to that obtained by Kohata et al. (1994) for Toyoura sand 
from cyclic triaxial tests (0.43). The reason of this difference is not 
clear. However eq. (2) gives Eo values greater by 4 to 30 % than those 
obtained from the best fit proposed by Kohata et al (1994). Figure 5 
shows the plot of the E 0 IF(e) (F(e)=e-2) versus the consolidation 
axial stress. The projection of equation (2) on this plane is also reported 
in the figure with a continuous line. 
The dependence of Eo on cr~c was confirmed for Quiou sand (see figure 
6 for medium dense specimens), however in this case the influence of K 
on the secant Young's modulus at larger strains resulted to be less 
important than for Toyoura sand. On the other hand, due to the sand 
crushability, the secant Young's modulus resulted to be influenced by 
the loading history over the entire strain range. In particular the small 
strain Young's modulus of overconsolidated or prestressed specimens 
increased on average by about 60 % with respect to that of NC 
specimens, according to Fioravante et al. (1994) (see table 3 for very 
dense specimens). 
TABLE 3 Small strain Young's Modulus of very dense Quiou Sand 
specimens 
crvc crhc K Stress e Eo Eo I F(e) 
[kPa] [kPa] [-] history [-] [MPa] [MPa] 
104.8 35.1 Ko=0.34 NC 0.890 210 180 
101.8 70.0 0.69 NC 0.883 190 162 
101.1 100.8 1.00 NC 0.877 220 185 
99.2 69.1 Ko=0.70 OCR=3 0.879 320 271 
100.8 40.8 0.41 Ro=3 0.863 350 289 
101.0 100.0 1.00 Ro=3 0.865 350 290 
It was not possible to determine an equation like that of eq. (2) for 
Quiou sand as specimens were consolidated to the same vertical stress. 
However it was possible to infer the void ratio function that resulted to 
be equal to: 
F(e) = 1/ei.J (3) 
which coincides with that obtained from Resonant Column and 
monotonic torsional shear tests (Lo Presti et al. 1993). Therefore, the 
same void ratio function was also determined for this carbonatic sand 
for both E 0 and G 0 • 
0.0001 0.001 O.QI 0.1 10 100 
Axial strain [%] 
• k=0.7 • k=l 0 k=0.441 
Figure 6. Young's Modulus vs. axial strain ofQuiou sand 
The normalised Young's modulus E I E 0 is plotted versus the 




q,q0 and qmax are the current, at the end of consolidation and peak 
deviator stresses respectively. The diagonal in the above figures 
represents the hyperbolic equation f + E I E. = 1. It can be seen that the 
hyperbolic relationship never fits the experimental data of monotonic 
compression tests here exposed. 
Data referring to NC specimens of Toyoura and Quiou sands are 
respectively plotted in figures 7 and 8. In the case of Toyoura sand, it is 
seen that, at the same mobilisation factor, the secant Young's modulus 
greatly increases with K increasing from Ko to 1. For larger values of K 
up to 2 no clear increase of E is observed. A similar trend is also 
observed in the case of Quiou sand but the influence of K on the secant 
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Figure 7. Normalized Young's Modulus of NC Toyoura sand vs. 
mobilization factor 
The results of prestressed or overconsolidated specimens are compared 
to those from NC specimens for Toyoura and Quiou sand respectively 
in figures 9 and 10. 
The effects of the loading history on the secant Young's modulus are 
evident. The maximum increase in soil stiffness occurred for 
overconsolidated specimens. In the case of prestressed specimens (at 
constant K) the smallest increase was obtained for K= 1, while a larger 
increase was observed for smaller values of K. 
In analysing compression loading triaxial test results, it should be 
remembered that, the Young's modulus is affected by two different non 
linearities: stress non linearity which produces an increase of E 
following a law similar to that expressed by eq. (2) (probably with a 
larger modulus exponent for increasing strain, as shown by Iwasaki et 
al. 1978; moreover the mean effective stress should be considered 
instead of the axial stress for increasing strain levels) and strain non 
linearity, which on the contrary is responsible for a reduction of E as a 
consequence of the growing importance of plastic strain with increasing 
f. In the case of prestressed and overconsolidated specimens, the 
relevance of plastic strains at a given f is smaller than in the case of 
those which are NC, this is especially evident for f:50.5. This is 
probably the reason why the shape of the E I E. vs. f curve for OC 
specimens is different from that for NC specimens. An indirect 
confirmation of what is above stated is given in figure 11 where the 
normalised shear modulus G I G. of NC and OC specimens of Toyoura 
sand are plotted against the mobilisation factor f = 't I 'tmax. In this case 
only strain non linearity is considered and the shape of the curve does 
not change when passing from NC to OC specimens (see also Lo Presti 
et al. 1993 and Jarniolkowski et al 1994). The data shown in fig. 11 
were obtained by using a Resonant Column/Torsional shear apparatus 
with a limited torque capacity. The maximum shear stress was therefore 
assumed on the basis of experimental results available in literature 
[Teachavorasinskun ( 1989)]. 
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Figure 8. Normalized Young's Modulus of NC Quiou sand vs. 
mobilization factor 
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Figure 9. Normalized Young's Modulus ofNC and OC Toyoura sand 
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Figure 10. Normalized Young's Modulus of NC and OC Quiou sand vs. 
mobilization factor 
An interesting way of isolating the strain non linearity of the Young's 
modulus was recently proposed by Kohata et al. (1994) and Flora et al. 
(1994) by means of the following function of the mobilisation factor f: 
(5) 
where Eo is not a constant but a function of the current axial stress 
according to equation (2). 
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Figure 11. Normalized shear modulus of Toyoura sand vs. mobilization 
factor 
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COMPARISON BETWEEN SHEAR AND YOUNG'S MODULI 
INDEPENDENTLY DETERMINED 
Young's and shear moduli are linked to each other, under the hypothesis 
of isotropic behaviour, by means of the well known relationship: 
E=2(1+v)G (6) 
Other researchers have already shown, by independently determining 
Young's and shear moduli, that the above relationship is not exactly 
verified in the case of reconstituted sand specimens (see as an example 
Yamashita and Toki 1994 and Bellotti et al 1994 ). In particular Bellotti 
et al. (1994) by performing seismic tests on reconstituted specimen of 
Ticino sand in Calibration Chamber have shown that the small strain 
vertical Young's modulus [i.e. the triaxial Young's modulus E(TX)] and 
the shear modulus referring to a vertical plane [i.e. the torsional shear 
modulus G(TOR)] are independent of each other. This independence is 
mainly due to the fact that the former is a function of the vertical 
consolidation stress, while the latter depends on both vertical and 
horizontal consolidation stresses. The independence of E(TX) and 
G(TOR) from monotonic loading tests is also confirmed by the present 
research. In figure 12 the ratio G(TOR)IE(TX) of loose Toyoura sand 
specimens normally consolidated at cr~ =I 00 kPa under both Ko and 
K=l conditions are plotted against the shear strain [y=e.(l+V) for 
triaxial tests]. Data referring to overconsolidated specimens is also 
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Figure 12. Moduli ratio vs. shear strain of Toyoura sand 
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where v is the Poisson's ratio which was experimentally determined in 
the course of the triaxial test. It can be seen that the degree of 
anisotropy is more and more relevant at larger strain levels and depends 
on the test conditions. The maximum degree of anisotropy occurs for 
Ko NC specimens. A similar plot for Quiou sand is shown in figure 13. 
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Figure 13. Moduli ratio vs. shear strain of Quiou sand 
CONCLUSIONS 
The main conclusions obtained in this research are the following: 
- the small strain Young's modulus Eo depends on the vertical 
consolidation stress but is independent of the horizontal consolidation 
stress for both sands; 
- Eo of the quartz sand is independent of the loading history; this is not 
true for the calcareous sand, where E 0 increases with the increasing of 
the OCR or Ro. due to its crushability; 
-the secant Young's modulus E at larger strain is mainly controlled by 
the effective horizontal stress or the mean effective stress; 
-the plasticity function proposed by Kohata et al (1994) seems a good 
tool to separate the effect of stress and strain non linearity on E; 
- reconstituted sand specimens exhibit a more evident anisotropic 
behaviour at larger strain levels; 
- at small strains the Young's and shear moduli exhibit the same 
dependence on the void ratio. 
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